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Abstract
We study the maximum satisfiability (MAX-SAT) problem in the streaming setting. In this
problem, we are given m clauses that are disjunctions of literals drawn from n boolean variables
and the objective is to find a boolean assignment to the variables that maximizes the number of
satisfied clauses. While MAX-SAT is NP-Hard, it admits various polynomial-time approximations.
In the streaming model, input clauses are presented in an online fashion and the goal is to
obtain a non-trivial approximation while using sublinear o(mn) memory. We present randomized
single-pass algorithms that w.h.p 1 yield:
• A 1 −  approximation using Õ(n/3 ) space 2 and exponential time;
• A 3/4 −  approximation using Õ(n/2 ) space and polynomial time. If there are no duplicate
clauses, the space can be further improved to Õ(n/).
We complement these algorithms with a lower bound showing that any single-pass algorithm
that approximates the optimum of MAX-SAT up to a factor better than 3/4 requires Ω(n) space.
On the other hand, for the MAX-AND-SAT problem where clauses are conjunctions of literals,
we show that any single-pass algorithm that approximates the optimum up to a factor better
than 1/2 with success probability at least 1 − 1/(mn)2 must use Ω(mn) space.
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W.h.p. denotes “with high probability”. Here, we consider 1 − 1/ poly(n) or 1 − 1/ poly(m) as high probability.
2
Õ hides polylog factors.
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Introduction

Problem overview. The (boolean) satisfiability problem is arguably one of the most famous
problems in computer science since it is the first problem proven to be NP-Complete [6,25]. This is also
known as Cook-Levin theorem. A satisfiability instance is a conjunction of m clauses C1 , C2 , . . . , Cm
where each clause Cj is a disjunction of literals drawn from a set of n boolean variables x1 , . . . , xn
(a literal is either a variable or its negation). Deciding whether such an expression is satisfiable is
NP-Complete and therefore we often aim to find an assignment to the variables that approximately
maximizes the number of satisfied clauses. This is known as the maximum satisfiability (MAX-SAT)
problem. This problem is still NP-Hard even when each clause has at most two literals [8].
MAX-SAT can be approximated up to a factor 3/4 using linear programming (LP) [9], network
flow [28], or a careful greedy approach [23]. One can also obtain an approximation slightly better
than 3/4 using semedefinite programming (SDP) [3, 10].
In this paper, we study MAX-SAT in the streaming model. In particular, clauses are presented one
by one in the stream. The objective is to use sublinear space o(mn) while obtaining a guaranteed
non-trivial approximation.
In the maximum AND-satisfiability problem (MAX-AND-SAT), each clause is a conjunction of
literals (as opposed to being a disjunction of literals in MAX-SAT).
Motivation. Maximum satisfiability has found numerous applications in model-checking, software
package management, design debugging, AI planning, bioinformatics, diagnosis, etc. [1, 2, 4, 7, 13,
14, 18, 20]. For a comprehensive overview of applications, see [19]. Many of these applications
require solving large instances of MAX-SAT. For example, balancing tradeoffs in software analysis
requires solving MAX-SAT instances with an extremely large number of clauses [24]. Other MAX-SAT
benchmarks that arise from real-life applications also have large sizes 3 . This motivates us to study
this problem in the streaming setting that aims to use sublinear memory. Such algorithms are helpful
since many MAX-SAT instances are too large to fit in a computer’s main memory. Furthermore, our
algorithms also produce a compressed version of the original input that preserves approximations.
This may speed up various algorithms and heuristics.
Our results. For simplicity, we assume m and n are provided. Furthermore, the memory use is
measured in terms of O(max{lg n, lg m})-bit words since we need at least Ω(max{lg n, lg m}) bits to
encode IDs of variables and clauses. For MAX-SAT, we show that it is possible to obtain a non-trivial
approximation using only O(n · poly(lg n, 1/)) space.
Theorem 1 (Main result 1). Let T = min{m, n/2 }. There exists
• A Monte Carlo, O(T · lg m)-space, polynomial-time, and single-pass streaming algorithm that
yields a 3/4 −  approximation to MAX-SAT w.h.p.
• A Monte Carlo, O(T / · lg m)-space algorithm, single-pass streaming algorithm that yields a 1 − 
approximation to MAX-SAT w.h.p.
Throughout this paper, algorithms actually output an assignment to the variables along with
an estimate for the number of satisfied clauses. On the other hand, lower bounds are only for
approximating the optimum (without necessarily outputting the corresponding assignment). By
adapting the lower bound for streaming MAX-CUT (i.e., estimating the size of the largest cut in a
graph) by Kapralov and Krachun [16], we show that an approximation better than 3/4 requires Ω(n)
3
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space (Theorem 11). This gives evidence that our algorithms are optimal or near-optimal (up to
polylogarithmic factors). The algorithms in Theorem 1 are based on the following key observations.
Observation 1: If m = ω(n/2 ) and we sample Θ(n/2 ) clauses uniformly at random, then w.h.p.
an α approximation on the sampled clauses corresponds to an α −  approximation on the original
input (Lemma 4).
Observation 2: If a clause is large, it can be satisfied w.h.p. as long as each literal is set to true
independently with a not-too-small probability and therefore we may ignore such clauses (Lemma
5).
Based on the above observations, we proceed by first ignoring large clauses. Then, among the
remaining (small) clauses, we sample Θ(n/2 ) clauses uniformly at random, denoted by W . Finally,
we run some randomized α approximation algorithm on W in post-processing in which every literal
is set to true with some small probability. This will lead to an α −  approximation on the original
set of clauses w.h.p.
In the 3/4 −  approximation in Theorem 1, the dependence on  is 1/2 which may be prohibitive
for some applications. We show that it is possible to improve this to just 1/ under the assumption
that no two clauses are the same (Theorem 10).
Our second main result is a space lower bound on streaming algorithms that approximate the
optimum of MAX-AND-SAT up to a factor 1/2 + . In particular, we show that such algorithms must
use Ω(mn) space.
Theorem 2 (Main result 2). Assuming n ≥ K lg m for some sufficiently large constant K, any
single-pass streaming algorithm that decides if OPT(MAX-AND-SAT) = 1 or OPT(MAX-AND-SAT) = 2
with success probability at least 1 − 1/(mn)2 requires Ω(mn) bits of space.
Related work. Approximation algorithms for MAX-SAT using different techniques such as random
assignment, network flow, linear programming, greedy, and semidefinite programming can be found
in [3,9,10,15,23,28]. There are also better approximations for special cases such as MAX-2-SAT [17,21].
Hastad showed the inapproximability result that unless P = NP, there is no polynomial-time algorithm
that yields an approximation better than 21/22 to MAX-2-SAT [12].
We note that a greedy algorithm in [23] is stated as a “2-pass algorithm”. However, their algorithm
requires going through each variable and (randomly) assigns it to true or false depending on
both the number of satisfied and not-yet-unsatisfied clauses resulted by each choice. This is not
implementable in the streaming setting unless one uses Ω(n) passes over the stream.
In the streaming model, Guruswami et al. [11] and Chou et al. [5] studied the upper and lower
bounds for the problem of approximating the optimum of the boolean MAX-2CSP problem.
MAX-SAT and MAX-AND-SAT were also studied in [26] in the guise of parallel algorithms. Trevisan showed that there is a parallel algorithm that finds a 3/4 −  approximation to MAX-SAT in
O(poly(1/, lg m)) time using O(n + m) processors [26]. One of our sampling results (Lemma 5) can
improve the number of processors to just O(n).
Notation. We occasionally use set notation for clauses. For example, we write xi ∈ Cj (or xi ∈ Cj )
if the literal xi (or xi respectively) is in clause Cj . We often write OPT(P ) to denote the optimal
value of the problem P , and when the context is clear, we drop P and just write OPT. We write
poly(x) to denote xc for an arbitrarily large constant c. The constant c is absorbed in the big-O.
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Streaming Algorithms for MAX-SAT

The framework. Without loss of generality, we may assume that there is no trivially true clause,
i.e., clauses that contain both a literal and its negation and there are no duplicate literals in a clause.
We show that if we sample Θ(n/2 ) clauses uniformly at random and run a constant approximation
algorithm for MAX-SAT on the sampled clauses, we obtain roughly the same approximation. We
derive this result from the folklore fact that OPT ≥ m/2 and a Chernoff-Union bound style argument.
We use the following version of Chernoff bound.
P
Theorem 3 (Chernoff bound). If X = ni=1 Xi where Xi are negatively correlated binary random
variables and Pr (Xi = 1) = p, then for any η > 0:


η2
Pr (|X − pn| ≥ ηpn) ≤ 2 · exp −
pn .
2+η
Lemma 4. Suppose there are more than Kn/2 clauses in the input for some sufficiently large
constant K and we run an α approximation algorithm on Kn/2 clauses sampled uniformly at
random. Then, we obtain an α −  approximation to MAX-SAT on the original input clauses with
probability at least 1 − e−n .
Proof. We recall the folklore fact that OPT ≥ m/2 where m is the number of input clauses. Consider
an arbitrary assignment. If it satisfies at least m/2 clauses, we are done. Otherwise, we can invert
the assignment to satisfy at least m/2 clauses.
We sample Kn/2 clauses uniformly at random for some sufficiently large constant K. Suppose
that an assignment A satisfies mA = y clauses. Let the number of sampled clauses that A satisfies
be m0A and let p = Kn/(2 m). We observe that E [m0A ] = pmA .
Without loss of generality, suppose the assignment P
A satisfies clauses C1 , . . . , Cy . We define the
indicator variable Xi = [Ci is sampled] and so m0A = yi=1 Xi . Let η =  OPT /y. Since we sample
without replacement, {Xi } are negatively correlated. Appealing to the above Chernoff bound, we
have



η2
0
py
Pr |mA − py| ≥ p OPT ≤ 2 · exp −
2+η


2 OPT2 /y 2
≤ 2 · exp −
py
2 +  OPT /y


2 OPT2
= 2 · exp −
p
2y +  OPT

≤ 2 · exp −2 OPT p/3 .
The last inequality follows because 3 OPT ≥ 2y +  OPT. Therefore,


Pr m0A = pmA ± p OPT ≥ 1 − 2 · exp −2 p OPT /3
= 1 − 2 · exp −2 (Kn/(m2 )) OPT /3



≥ 1 − 2 · exp (−Kn/6)
≥ 1 − exp (−100n) .
The second inequality follows from the fact that OPT ≥ m/2 and the last inequality holds for some
sufficiently large constant K. Finally, by taking a union bound over 2n distinct assignments, we
deduce that with probability at least 1 − e−n , for all assignments A, we have m0A = pmA ± p OPT.
4

Suppose an assignment Ã is an α approximation to MAX-SAT on the sampled clauses. Let A∗
be an optimal assignment on the original input clauses. From the above, with probability at least
1 − e−n , we have
pmÃ + p OPT ≥ m0Ã ≥ αm0A∗ ≥ α OPT p(1 − ) .
Therefore, mÃ ≥ α OPT(1 − ) −  OPT ≥ (α − 2) OPT. We can reparameterize  ← /2 to deduce the
claim.
Note that storing a clause may require Ω(n) space; thus, the space use can still be Ω(n2 /2 )
after we sample the input clauses as above. We need a second key observation. We observe that
large clauses (i.e., clauses with many literals) are probabilistically easy to satisfy. We define β-large
clauses as clauses that have at least β literals.
Lemma 5. If in an assignment, each literal is set to true independently with probability at least γ,
then for some sufficiently large constant K, the assignment satisfies all (K lg m)/γ-large clauses
with probability at least 1 − 1/ poly(m).
Proof. The probability that a (K lg m)/γ-large clause is not satisfied is at most (1 − γ)(K lg m)/γ ≤
e−K lg m ≤ 1/ poly(m) which implies that all such clauses are satisfied with probability at least
1 − 1/ poly(m) by appealing to a union bound over at most m large clauses.
Based on the above observations, we state a simple meta algorithm, formalized as Algorithm
1, that can easily be implemented in several sublinear settings. We will then present two possible
post-processing algorithms and the corresponding β values for this meta algorithm.
1
2

3

Let K be some sufficiently large constant. Ignore all β-large clauses where β = (K lg m)/γ.
Among the remaining small clauses, sample and collect (i.e., store) s = Kn/2 clauses
uniformly at random. If the number of remaining clauses is less than s, collect all of them.
Let the set of collected clauses be W .
Post-processing: Run an α approximation for MAX-SAT on the collected clauses W in
which each literal is set to true independently with probability at least γ.
Algorithm 1: A meta algorithm for sublinear MAX-SAT

Let L and S be the set of β-large and small clauses respectively. Furthermore, let OPTL and
OPTS be the number of satisfied clauses in L and S respectively in the optimal assignment. Recall
that W is the set of clauses stored by the algorithm.
Post-processing algorithm 1: An exponential-time 1 −  approximation. Here, we set
γ = . Suppose in post-processing, we run the exact (brute-forte) algorithm to find an optimal
assignment A∗ on the set of collected clauses W . Ideally, we would like to A) apply Lemma 4 to
argue that we yield a 1 −  approximation on the small clauses in S w.h.p. and B) apply Lemma 5
to argue that we satisfy all the large clauses L w.h.p.
However, the second claim requires that each literal is set to true with probability at least 
whereas the exact algorithm is deterministic. Our trick is to randomly perturb the assignment given
by the exact algorithm (or the exact assignment for short).
The random perturbation trick: If the exact algorithm sets xi = q ∈ {true, false}, we set
xi = q with probability 1 −  (and xi = q with probability ). We will show that this yields a 1 − 
approximation in expectation which can then be repeated O((log m)/) times to obtain the “w.h.p.”
guarantee. See Algorithm 2.
5

Obtain an optimal assignment A∗ on W .
2 Let Q = d(K lg m)/e for some sufficiently large constant K.
3 for each trial t = 1, 2, . . . , Q do
4
if xi = q in A∗ then set xi = q with probability 1 −  in assignment At .
5 end for
6 Return the assignment At that satisfies the most number of clauses in W .
Algorithm 2: A post-processing algorithm that obtains a 1 − 2 approximation w.h.p.
1

Before analyzing the above post-processing algorithm, we observe that if we obtain an α ≥ 1/2
approximation in expectation, we can repeat the corresponding algorithm O((lg m)/) times and
choosing the best solution to obtain an α −  approximation w.h.p.
Lemma 6. Suppose there is an algorithm that yields an α ≥ 1/2 approximation to MAX-SAT in
expectation. By repeating the algorithm O((lg m)/) times and choosing the best solution, we yield
an α −  approximation with probability at least 1 − 1/ poly(m).
Proof. Let Z be the number of clauses satisfied by the algorithm. First, note that since m/4 ≤ α OPT
(since α ≥ 1/2), we have α OPT /(m − α OPT) ≥ 1/3. We have E [m − Z] ≤ m − α OPT. Appealing to
Markov inequality,
Pr (Z ≤ (1 − )α OPT) = Pr (m − Z ≥ m − (1 − )α OPT)
m − α OPT
≤
m − (1 − )α OPT
1
1
≤
.
=
1 + α OPT /(m − α OPT)
1 + /3
Hence, we can repeat the algorithm O(lg1+/3 m) = O(1/ · lg m) times and choose the best solution
to obtain an α −  approximation with probability at least 1 − 1/ poly(m).
Now, we are ready to analyze the post-processing Algorithm 2.
Lemma 7. We have the following.
1. The assignment returned by post-processing Algorithm 2 satisfies all clauses in L with probability
at least 1 − 1/ poly(m);
2. Algorithm 2 yields a 1 − 2 approximation on S w.h.p.
These two claims imply that Algorithm 2 yields a 1 − 2 approximation on the original input w.h.p.
Proof. Clearly, in each trial t = 1, 2, . . . , Q, each literal is set to true with probability at least .
According to Lemma 5, each assignment At satisfies all the large clauses in L with probability at
least 1 − 1/ poly(m). Taking a union bound over Q = O((K lg m)/) trials, we conclude that all
assignments At satisfy all the clauses in L with probability at least 1 − 1/ poly(m).
We now prove the second claim. Let B be the set of clauses in W satisfied by the exact assignment
∗
A . Consider any trial t. By linearity of expectation, the expected number of satisfied clauses in B
after we randomly perturb the exact assignment is
X
X
Pr (C is satisfied) ≥
(1 − ) = (1 − )|B| .
C∈B

C∈B
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The first inequality follows from the observation that at least one literal in C must be true in the
exact assignment and therefore the probability that it remains true is 1 − . Appealing to Lemma 6,
the assignment returned by post-processing Algorithm 2 yields a 1 − 2 approximation on W with
probability at least 1 − 1/ poly(m). This, in turn, implies that we obtain a 1 − 3 approximation on
S with probability at least 1 − 1/ poly(m) − e−n ≥ 1 − 1/ poly(m) − 1/ poly(n) by Lemma 4.
Therefore, we satisfy at least (1 − 3) OPTS + OPTL ≥ (1 − 3) OPT clauses with probability at
least 1 − 1/ poly(m) − 1/ poly(n).
Post-processing algorithm 2: A polynomial-time 3/4 −  approximation. We can set
β = K lg m for some sufficiently large constant K if we settle for a 3/4 −  approximation. This
saves a factor 1/ in the memory use. Consider the standard linear programming (LP) formulation
for MAX-SAT given by Goemans and Williamson [9] for a MAX-SAT instance with m clauses and n
variables.
(LP ) maximize

m
X

zj

j=1

subject to

X
i∈Pj

X

yi +

(1 − yi ) ≥ zj

for all 1 ≤ j ≤ m

i∈Nj

0 ≤ yi , zj ≤ 1

for all 1 ≤ i ≤ n, 1 ≤ j ≤ m .

The integer linear program where yi , zj ∈ {0, 1} corresponds exactly to the MAX-SAT problem. In
particular, if xi ∈ Cj then i ∈ Pj and if xi ∈ Cj then i ∈ Nj . We associate yi = 1 with xi being set
to true and yi = 0 if it is set to false. Similarly, we associate zi = 1 with clause Cj being satisfied
and 0 otherwise. Let OPT(LP ) denote the optimum of the above LP.
Lemma 8 ( [9], Theorem 5.3). The optimal fractional solution of the linear program for MAX-SAT
can be rounded to yield an assignment that satisfies 3/4 · OPT(LP ) ≥ 3/4 · OPT clauses in expectation.
In this rounding algorithm, each variable is independently set to true with probability 1/4 + yi∗ /2
where yi∗ is the value of yi in the optimal fractional solution of the linear program.

1
2
3
4
5
6

Obtain an optimal solution z ∗ , y ∗ for the linear program of MAX-SAT on W .
Let Q = d(K lg m)/e for some sufficiently large constant K.
for each trial t = 1, 2, . . . , Q do
Set xi = true with probability 1/4 + yi∗ /2 in assignment At .
end for
Return the assignment At that satisfies the most number of clauses in W .

Algorithm 3: A post-processing algorithm that obtains a 3/4 − 2 approximation w.h.p.
The following Lemma is more or less similar to Lemma 7.
Lemma 9. We have the following.
1. The assignment returned by post-processing Algorithm 3 satisfies all clauses in L with probability
at least 1 − 1/ poly(m);
2. Algorithm 2 yields a 3/4 − 2 approximation on S w.h.p.
These two claims imply that Algorithm 3 yields a 3/4 − 2 approximation on the original input w.h.p.
7

Proof. In each trial t = 1, 2, . . . , Q, each literal is set to true with probability at least 1/4. This is
because 1/4 ≤ 1/4 + yi∗ /2 ≤ 3/4. Appealing to Lemma 5 with γ = 1/4, each assignment At satisfies
all the large clauses in L with probability at least 1 − 1/ poly(m). Taking a union bound over Q
trials, we conclude that all assignments At satisfy all the clauses in L with probability at least
1 − 1/ poly(m).
The proof of the second claim is analogous to that of Lemma 7.
Putting it all together. We finalize the proof of the first main result by outlining the implementation of the algorithms above in the streaming model.
Proof of Theorem 1. We ignore β-large clauses during the stream. Among the remaining clauses, we
can sample and store s = Θ(n/2 ) small clauses in the stream uniformly at random using Reservoir
sampling [27]. Since we collect at most T = min{m, n/2 } clauses, each of which has size at most β,
the space use is therefore O(T β).
We can run post-processing Algorithm 2 where β = (K lg m)/ and yield a 1 −  approximation.
Alternatively, we set β = (K lg m) and run the post-processing Algorithm 3 to yield a 3/4 − 
approximation.
We remark that it is possible to have an approximation slightly better than 3/4 −  in polynomial
post-processing time using semidefinite programming (SDP) instead of linear programming [10]. In
the SDP-based algorithm that obtains a 0.7584 −  approximation, we also have the property that
each literal is true with probability at least some constant. The analysis is analogous to what we
outlined above. If we are satisfied with an approximation only in expectation, we can also drop the
lg m factor in β.
An improvement under the no-duplicate assumption. In practice, we normally run the
3/4 −  approximation algorithm described above. However, the memory use does not scale well for
small . We present an improvement that saves another 1/ factor under the assumption that no
two clauses are the same. In fact, it suffices to make this assumption for 1-literal clauses.
Theorem 10. Suppose there are no duplicate clauses. There exists a polynomial-time, O(n/ · lg m)space algorithm, single-pass streaming algorithm that yields a 3/4 −  approximation to MAX-SAT
w.h.p.
Proof. If the number of 1-literal clauses is at most m, we can safely ignore these clauses. This is
because the number of 1-literal clauses is then at most 2 OPT. If we randomly set each variable
to true with probability 1/2, we will yield a 3/4 approximation in expectation on the remaining
clauses since each of these clause is satisfied with probability at least 1 − 1/22 = 3/4. Appealing
to Lemma 6, we can run O((lg m)/) copies in parallel and return the best assignment to yield a
3/4 −  approximation w.h.p. Therefore, the overall approximation is 3/4 − 3 and the space use is
O(n/ · lg m).
If the number of 1-literal clauses is more than m, then we know that m ≤ 2n/ since the number
of 1-literal clauses is at most 2n if there are no duplicate clauses. Therefore, we can run the first
algorithm in Theorem 1 which uses O(n/ · lg m) space.
While we do not know which case the input is in advance, we can simply run the two algorithms
above in parallel and simply terminate the second algorithm if m > 2n/.
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Lower Bounds

Lower bound for MAX-SAT. The streaming maximum cut problem asks to output an approximation of the size of the maximum cut OPT(MAX-CUT) = maxS⊂V |E(S, V \ S)| of a graph G = (V, E).
In this problem, the stream consists of edges of the underlying graph. We will show that one can
use MAX-SAT to encode the maximum cut problem.
Kapralov and Krachun [16] showed that deciding if OPT(MAX-CUT) ≥ m0 or OPT(MAX-CUT) ≤
m0 /(2 − ) with success probability at least 99/100 requires Ω(|V |) space for some m0 .
We also note that |E| ≤ 2 OPT(MAX-CUT) (this follows from a probabilistic argument that
randomly partitions the vertices into two equal-size parts). Thus, |E|/2 ≤ m0 ≤ |E|. Let δ = m0 /|E|;
note that 1 − /2 ≤ δ ≤ 1. Note that δ ≥ 1 − /2 because in the second case we must have
|E|/2 ≤ OPT(MAX-CUT) ≤ m0 /(2 − ) which implies m0 /|E| ≥ 1 − /2.
Theorem 11. For any  ∈ (n−1/10 , 1), there is some fixed δ, where 1 − /2 ≤ δ ≤ 1, such
that any single-pass streaming algorithm that decides if OPT(MAX-SAT) ≤ m/2 · (1 + δ/(2 − )) or
OPT(MAX-SAT) ≥ m/2 · (1 + δ) with success probability at least 0.99 requires Ω(n) bits of space.
Proof. Consider the cut between S and V \ S. We set xu = true if and only if u ∈ S. When an edge
uv arrives in the graph stream, we put two clauses (xu ∨ xv ) and (xu ∨ xv ) in the stream. Note that
there are n = |V | variables corresponding to vertices in the graph and there are m = 2|E| clauses.
Both clauses (xu ∨ xv ) and (xu ∨ xv ) are satisfied if and only if exactly one of xu and xv is in S;
otherwise, exactly one of those two clauses is satisfied. It is easy to see that
OPT(MAX-SAT) = |E| + OPT(MAX-CUT) .
We have
OPT(MAX-CUT) ≥ m0 =⇒ OPT(MAX-SAT) ≥ |E| + m0 = |E|(1 + δ);
m0
m0
OPT(MAX-CUT) ≤
=⇒ OPT(MAX-SAT) ≤ |E| +
= |E|(1 + δ/(2 − )) .
2−
2−
Thus, if we can decide the two aforementioned cases, we can solve the decision problem of MAX-CUT
which requires Ω(n) space. Hence, the lower bound follows.
We note that this implies that an approximation better than
Ω(n) space.

1+1/(2−)
2−

≈ 3/4 + O() requires

Lower bound for MAX-AND-SAT. Our second main result is to prove Theorem 2. That is, we show
that MAX-AND-SAT does not admit a sublinear space streaming algorithm that decides if OPT = 1 or
OPT = 2. In our lower bound, n = Ω(lg m).
Consider the following one-way communication problem. Alice receives a length-nm random
bitstring A (each bit is either 0 or 1 equiprobably) that Bob wants to learn about say with success
probability at least 1 − 1/ poly(nm). Alice must send a message of length Ω(mn) bits to Bob.
Otherwise, Bob can distinguish 2nm different inputs using o(nm) bits of communication w.h.p.
which is a contradiction.
We can index A as [m] × [n]. We may also assume that Alice and Bob share public unbiased
random bits Zji for j ∈ [m] and i ∈ [n]. Newman [22] showed that we can translate a protocol using
public randomness with success probability at least 1 − 1/ poly(mn) to a protocol using private
randomness with success probability at least 1 − 1/ poly(mn) using only O(lg(nm)) extra bits of
communication.
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Alice constructs her part of the stream as follows. If Aji = 1, then, using the public unbiased bit
Zji , Alice adds the literal xi to clause Cj if Zji = 1 and adds the literal xi to clause Cj if Zji = 0. If
Aji = 0, then Cj contains neither xi nor xi . More formally,



^
^
Cj =
xi
xi .
i:Aji =1,Zji =1

i:Aji =1,Zji =0

She then puts C1 , . . . , Cm in the stream. The lemma below shows that it is not possible to satisfy
more than one clause among C1 , . . . , Cm w.h.p.
Lemma 12. Suppose n ≥ K lg m for some sufficiently large constant K. With probability at least
1 − 1/ poly(nm), exactly one clause among C1 , . . . , Cm can be satisfied.
Proof. Consider any two clauses Cj and Ck that Alice puts in the stream. Cj and Ck can be
both satisfied if and only if there does not exist i ∈ [n] such that (xi ∈ Cj ∧ xi ∈ Ck ) or
(xi ∈ Cj ∧ xi ∈ Ck ). For any fixed i ∈ [n], we have Pr (xi ∈ Cj ∧ xi ∈ Ck ) = 1/16. This is because
Pr (Aji = Aki = Zji = 1 ∧ Zki = 0) = 1/24 .
The probability that there does not exist i ∈ [n] such that xi ∈ Cj and xi ∈ Ck is (1 − 1/16)n =
(15/16)n . Therefore, withprobability at most (15/16)n , Cj and Ck can be both satisfied. Appealing
to a union bound over m
2 pairs of clauses, the probability that exactly one clause among C1 , . . . , Cm
can be satisfied is at least
 
 
m
m
1
n
1−
(15/16) = 1 −
(15/16)n/2+n/2 ≥ 1 −
≥ 1 − 1/ poly(nm)
n
2
2
1.01 · poly(m)
where we used the assumption that n ≥ K lg m for some sufficiently large constant K and
(16/15)1/2 > 1.01 to yield the first inequality.
Alice then sends the memory of the streaming algorithm to Bob. Recall that Bob wants to
recover the bitstring A. Let C (ji) be a clause in which: a) for all i0 6= i, xi0 ∈ C (ji) if Zji0 = 1 and
xi0 ∈ C (ji) if Zji0 = 0 and b) xi ∈ C (ji) if Zji = 0 and xi ∈ C (ji) if Zji = 1. More formally,

V

V
V

0
0
x
x
xi if Zji = 0

i
i
 i0 6=i:Z =1
i0 6=i:Zji0 =0
0
ji
(ji)
V

C
= 
V
V

x i0
xi if Zji = 1 .
xi0


i0 6=i:Zji0 =1

i0 6=i:Zji0 =0

The following lemma shows that C (ji) cannot be satisfied simultaneously with another Cl where
l 6= j. Its proof is almost identical to that of Lemma 12.
Lemma 13. Suppose n ≥ K lg m for some sufficiently large constant K. For fixed j ∈ [m] and
i ∈ [n], for all l 6= j, the clauses Cl and C (ji) cannot be both satisfied with probability at least
1 − 1/ poly(mn).
Proof. The sets of literals in C (ji) and Cl are independent of each other. Each literal xk (or xk )
appears in C (ji) with probability 1/2 and appears in Cl with probability 1/4 and the two events
are independent since Zjk , Alk , Zlk are independent. Thus, the probability that there does not
exist k ∈ [n] such that xk ∈ C (ji) and xk ∈ Cl is (1 − 1/8)n = (7/8)n . Taking a union bound
over l 6= j and using the assumption that n ≥ K lg m, we deduce that no other clause Cl (where
l 6= j) can be satisfied simultaneously with C (ji) with probability at least 1 − 1/(1.01n · poly(m)) ≥
1 − 1/ poly(mn).
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The following lemma allows Bob to correctly recover the bitstring.
Lemma 14. Consider the stream C1 , . . . , Cm , C (ji) . With probability at least 1 − 1/ poly(nm), if
Aji = 0, then OPT = 2 and if Aji = 1, then OPT = 1.
Proof. Note that for every variable xi0 where i0 6= i, if it appears in both Cj and C (ji) , it appears
the same way (negated or unnegated).
If Aji = 0, then neither the literal xi nor the literal xi is in Cj and therefore there does not exist
any variable that appears differently in Cj and C (ji) . This implies that Cj and C (ji) can be both
satisfied.
If Aji = 1, then we know that the variable xi appears in Cj . But only one clause among Cj and
C (ji) can now be satisfied since xi appears negated in one clause and unnegated in the other due to
our construction.
Combining with Lemma 12 and Lemma 13, the claim follows.
Based on Lemma 14, the procedure in Algorithm 4 allows Bob to recover A.
1
2
3
4
5
6
7

for j = 1, 2, . . . , m do
for i = 1, 2, . . . , n do
Use algorithm A to check if OPT = 1 on the stream C1 , . . . , Cm , C (ji) .
if OPT = 1 then Aji = 1
else Aji = 0
end for
end for
Algorithm 4: Procedure to recover A

Hence, Bob can recover Aji for each i ∈ [n] and j ∈ [m] by using algorithm A on the stream
C1 , . . . , Cm , C (ji) . This is possible since Bob has the memory state of the algorithm for the stream
C1 , . . . , Cm from Alice. Since the algorithm failure probability is at most 1/(nm)2 , the overall failure
probability of the recover procedure is at most

nm 1/(nm)2 + 1/poly(nm) ≤ 2/(nm) .
If the streaming algorithm A uses o(nm) bits of memory, Bob can distinguish 2nm different
inputs using o(nm) bits of communication w.h.p. which is a contradiction. This completes the proof
of Theorem 2.
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